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Five procedures have been written in MACSYMA dealing with the problem of finding a
Hamiltonian and the corresponding dynamical equations for physical theories described by a
singular Lagrangian . We describe the main structure of the Dirac-Bergmann algorithm as well
as the corresponding procedures .
1. Motivations
Many theoretical problems in physics start with a Lagrangian L which is a function of N
generalised coordinates q, and N velocities 4, (in finite dimensional models) or a function
of N fields (pa and their derivatives &p'/8x1 (i =0, 1, 2, 3) (in field theories) . For clarity we
deal in this section only with systems involving finite degrees of freedom even if the
program described in section 2 works equally well for continuous systems (field theories) .
To quantify a physical system one is often obliged to write a Hamiltonian H, which is a
function of the coordinates q i and their conjugate moments pi . This is performed by
inverting the system of equations
Pi =
	
1Sit , i = ,
i .e . expressing the q i in terms of the p, . Unfortunately, if the Lagrangian is singular (for
instance if it has some symmetry as in electromagnetism or Yang-Mills theories), system
(1 .1) is not completely invertible so that it has the form
R
PA = E aA3gB+fA(gi),
A = 1, . . ., R, i = 1, . . ., N,
(1
.2)
B=1
p a =.:(q,), a = R+ 1, . . ., N . (1 .3)
In this case, only R velocities
qB
can be expressed in terms of the R pA
's
(where R is the
rank of (1 .1)) the other qa remaining arbitrary . At the same time some constraints
necessarily appear, which are nothing else than the relations (1 .3) . Dirac (1964) calls them
"primary constraints" because they come directly from the properties of the Lagrangian .
The existence of constraints forces us to use the Dirac-Bergmann algorithm as follows
(a) We write a total Hamiltonian
N-R
HT = HC +
y
0,,!1,, (1 .4)
a=1
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where HC is the classical Hamiltonian and the Oa stand for the primary constraints
pa -f«(qi)
. (1 .5)
(b) Preservation in time of the primary constraints leads to a system of equations
N
dt = {0, HC} +p
L+1 Ia.,
Bp } 4 fl St = 0, (1 .6)
which gives, when it is singular, further constraints
x,,
called "secondary constraints" . In
the same way, preservation of the secondary constraints expressed by relations similar to
(1 .6) leads to new constraints and so on. This recursive process stops when (1 .6) is either
trivially fulfilled (0 = 0) or solvable in terms of the qp .
(c) All the constraints (primary, secondary, . . .) are classified following Dirac into
"first class" (if their Poisson's brackets with all the other constraints are zero) and
"second class" otherwise .
(d) If first class constraints appear these are transformed into second class by the
a p
where CQfl = {BQ , 0,1, which replaces the Poisson's brackets in the equations of motion
Ri = {
rh, HT}* ;
P, = { p
;, HT}* . (1 .8)
2. The Program
The program consists of five procedures written in MACSYMA on a DEC 2060 each one
dealing with a particular point of the algorithm sketched in section 1 .
(a) PRIMC (LAG, ND, list) has 3 arguments :
LAG : an algebraic expression (at most quadratic in the velocities QT[i]) standing for
the Lagrangian .
ND
: the number of degrees of freedom .
list : a list containing the range of spatial variables for a field theory or an empty list
for discrete cases .
Outputs : -the system of equations (1 .2), (1 .3)
-the primary constraints (1 .5)
-the classical and total Hamiltonian (1 .4)
-the equation for preservation of primary constraints (1 .6) stored in the list
EQUA2.
(b) SECOND ( ) has no argument .
It is a recursive procedure computing the preservation relations for secondary constraints
similar to (1 .6) following the process sketched in section 1(b) .
At the end of SECOND we have all the constraints of the system .
(c) CLASSE () has no argument .
This procedure takes all the constraints found by SECOND and classifies them into first and
second class as explained in section 1(c)) .
introduction, by hand, of new constraints (called "gauge constraints") (Dirac, 1964;
Hanson et al ., 1976; Sundermeyer, 1982; Sudarshan & Mukunda, 1984) .
(e) Once all the constraints are second class we can write Dirac's brackets
{A,
B}* = {A, BI -Y{A,
0
«}Cap 1 10fl ,
B}, (1 .7)
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If all the constraints are second class then this procedure computes the Dirac's brackets
(1 .7), otherwise one must choose gauge constraints with the help of the following
procedure JAUGE .
(d) JAUGE ( ) has no argument .
This procedure is run only if first class constraints arise in the outputs of CLASSE .
The Procedure JAUGE asks the user to introduce the gauge constraints then it checks their
consistency . If so, it calls the following procedure DIR (for discrete systems) or DIRC (for
continuous systems) .
(e) DIR () and DIRC O have no argument .
DIR computes :
-the Dirac's brackets (1 .7) in the chosen gauge .
--the canonical equations (1 .8) .
DIRC computes :
-the Dirac's brackets (1 .7) in the chosen gauge for the continuous case .
-the fundamental brackets : {(p5(x),
70(y)}*
usually used in quantification .
Throughout the program the user will find several definitions of procedures such as
ELIMINE, SOLV, . . . replacing the genuine MACSYMA ones in order to improve our
implementation . Furthermore, some procedures can be used independently of the main
program. These are, for instance : PB, PBXY, DIFFV, which compute Poisson's brackets for
discrete, continuous quantities and variational derivatives respectively . The running
C.P .U. times, of course, depend on the complexity of the problem (degrees of freedom,
number of constraints, discrete or continuous cases, . . .) . For instance with the
Lagrangian considered by Gotay & Nester involving 4 degrees of freedom, 6 second class
constraints, the procedures PRIMC, SECOND, CLASSE take 9962 ms, 6280 ms and 192 859 ms
respectively .
Conclusions
Being based on MACSYMA, the program can be used on different (VAX) machines
without essential modifications . Some MACSYMA features (recursion, extensive list
processing, set theory, . . .) were essential for the feasibility of the implementation . It is
intended to improve the code for speeding up execution and for extending the
applicability to more complex systems such as Yang-Mills or tensorial theories . More
details about the present implementation are contained in Moussiaux & Tombal (1984) .
Listing and tapes are available on request from the authors .
We are grateful to Dr Leo Harten for his relevant comments .
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